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FIG. S7: (Left) Log-log plot of the magnitude and frequency of violet, blue, white, pink and brown noise, colored as
they are named. (Right) The Wasserstein distance calculated between the different shades of sound between 40 Hz

and 2000 Hz.

where Γ(µ, ν) is the set of all joint probability distributions that have marginals µ and ν. It is the minimal cost to
shift probability mass from one distribution to match the other’s shape. For p = 1, the distance is often called the
earth mover's distance.

W (µ, ν) is the solution to a constrained linear optimization as the objective function and constraints are linear
functions of π. This is computationally costly, scaling as O(n3 log n) in the sample number n [82]. However, when
M � R, there is a closed-form solution to the Wasserstein optimization problem [83]. Let F and G be the cumulative
distributions functions of µ and ν, respectively. Then:

W (µ, ν) =
Z 1

�1
jF (t) � G(t)j dt .

This closed-form solution is considerably faster to compute than the linear optimization required for arbitrary metric
spaces.

To compare sounds, recall that Eq. (S2) gives the energy spectral density for finite-energy signals. In effect, we
have a library of pulse-like signals that meet this criteria, so we calculate energy spectra using the DTFT. This gives
the spectra plotted in Fig. S4. We then normalize the energy spectra such that

R [S(f) df = 1. This allows treating
the energy spectra as probability distributions over frequency and comparing sounds of differing total energy on equal
footing.

Take p = 1 and the distance metric d(�, �) to be the Euclidean metric in frequency space: d(x, y) = jx � yj.
Therefore, the Wasserstein distance between any two pure frequencies is simply the difference in their frequencies.

To calibrate intuitions about this metric, we first calculated the Wasserstein distance between the color noises.
Log-log plots of the energy spectra of the color sounds are given in Fig. S7 (Left). In general the color noises are
distinguished by their power spectra. The most well known is white noise, for which all frequencies f have the same
power: P (f) = constant. The other color noises are defined by the shape of their energy-frequency curves: pink noise
scales as 1/f , brown noise 1/f2, blue noise as f , and violet noise as f2.

Note that color noises are generically taken to be infinite random signals and therefore are discussed in terms of
their power spectral density. In this case, we constructed pulses of approximately two seconds long that demonstrate
the color noise energy-frequency curves between 40 Hz to 2000 Hz—the frequency range of the Twain vocalizations.
These artificially constructed pulses have finite energy, and so we can treat them like our real world samples.

We take this suite of color pulses and calculate the pairwise Wasserstein distances as shown in Fig. S7 (right).
Comparing these results to Fig. 7, we see that the full-spectrum distance between the playbacks and Twain’s responses
is roughly equivalent to the distance between pink and blue noise. This makes sense as the responses are weighted in
the lower spectral range and the playbacks in the higher, so this is well approximated by comparing 1/f to f .
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We also note that even the closest color noises (blue and violet) are roughly 200 Hz apart—this is on the outer
range of distances shown by the comparisons between different Twain responses. That is to say, these sounds are very
close indeed. Distinguishing them further requires more sophisticated methods that are beyond the present scope.

One option is to directly compare spectrograms, rather than the energy spectra, which flatten out the time axis.
That is to say, taking the DTFT of the signal X(t) ignores the temporal dynamics of the original signal, indicating
only that frequency f was present at some time. Applying the Wasserstein metric to compare spectrograms is slightly
complicated due to the difficulty of comparing apples to apples, so to speak, with sounds of different lengths, but it is
a promising avenue for exploration.
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